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1 Introduction
This volume surveys the 4d/2d relations that arise in the study of class S, the set of four-dimensional
N = 2 supersymmetric field theories obtained by compactification of a six-dimensional (2, 0) theory
on a punctured Riemann surface C.1 There is an extensive 4d/2d dictionary relating several protected
observables of the four-dimensional theory T [C] to observables of certain natural theories defined on
the associated surface C. In this chapter we focus on the superconformal index of T [C] and on its
re-interpretation as a topological quantum field theory (TQFT) living on C. We shall restrict our
discussion to the subset of theories that enjoy conformal invariance, for which the general index is
well-defined.
The superconformal index, or index for short, encodes some detailed information about the pro-
tected spectrum of a superconformal field theory. By construction, it is invariant under exactly
1 See [V:1] in this volume for a general introduction to class S.
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marginal deformations of the SCFT. A basic item of the 4d/2d dictionary equates the conformal man-
ifold of T [C] (i.e., the space of its exactly marginal gauge couplings) with the complex structure moduli
of C. We should then expect on general grounds that the index is computed by a TQFT living on C. A
concrete description of this TQFT as an explicit 2d theory is only available for certain specializations
of the general index, in particular the so-called Schur index corresponds to q-deformed two-dimensional
Yang-Mills theory in the zero-area limit. The TQFT viewpoint is however very fruitful also in the
general case. As different TQFT correlators compute the indices of different 4d theories, we are led
to study consistency conditions in theory space. This turns out to be a very effective strategy, which
allows for the complete determination of the general index for theories of class S.
2 The superconformal index
Let us introduce the main character of this review. To a superconformal field theory in d space-time
dimensions one can associate its superconformal index [1, 2], which is nothing but the Witten index
of the theory in radial quantization, refined to keep track of a maximal set of commuting conserved
quantum numbers {Ci},
I(µi) = Tr (−1)F
∏
i
µCii e
−βδ , δ := {Q ,Q†} . (2.1)
The trace is taken over the Hilbert space of the radially quantized theory on Sd−1, F is the fermion
number and Q a chosen Poincare´ supercharge. In a given theory, the index is thus a function of
the “fugacities” {µi} that couple to the conserved charges {Ci}. The conserved charges are chosen
as to commute with each other, with the chosen supercharge Q and with its conjugate (conformal)
supercharge Q†. If the theory is unitary, which we shall always assume, then δ := {Q ,Q†} > 0. By a
familiar argument, the index counts (with signs) cohomology classes of Q. Indeed the Hilbert space
decomposes into the subspace of states with δ = 0, which are automatically killed by both Q and Q†
(these are the “harmonic representatives” of the cohomology classes), and the subspace with δ 6= 0,
where one can choose a basis such that all states belong to a pair (ψ,Qψ), with Q†ψ = 0. The paired
states have the same charges {Ci} but opposite statistics, so their combined contribution to the trace
vanishes. Since the trace in (2.1) receives contributions only from the harmonic representatives, the
index is in fact independent of β. The states with δ = 0 are annihilated by some of the supercharges
and as such they belong to shortened representation of the superconformal algebra.
As the energy (conformal dimension) of a generic long multiplet of the superconformal algebra is
lowered to the unitarity bound, the long multiplet breaks up into a direct sum of short multiplets,
containing states with δ = 0, but by continuity their total contribution to the index is zero. So
even within the δ = 0 subspace there may be fermion/boson cancellations between states with the
same charges {Ci}, associated to recombinations of short multiplets into long ones. In fact one can
equivalently characterize the index as the most general invariant that counts short multiplets, up to
the equivalence relation setting to zero combinations of short multiplets that have the right quantum
numbers to recombine into long ones [2]. It follows, at least formally, that the index is invariant
under changes of continuous parameters of the theory preserving superconformal invariance, i.e. it is
constant over the conformal manifold of the theory. As the exactly marginal couplings are varied, long
multiplets may split into short ones or short multiplets recombine into long ones, but this is immaterial
for the index. In other contexts, the formal independence of supersymmetric indices on continuous
parameters is known to fail, leading to rich wall-crossing phenomena. In our case, however, we are
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dealing with theories that have a discrete spectrum of states, and such that the subspaces with fixed
values of the quantum numbers {Ci} are finite-dimensional, so the formal argument is completely
rigorous. The index is thus truly invariant under exactly marginal deformations preserving the full
superconformal algebra of the model.
The superconformal index can be defined for theories in various spacetime dimensions, and with
different amounts of superconformal symmetry. We have given the “Hamiltonian” definition in terms
of a trace formula, but the index has an equivalent “Lagrangian” interpretation as a supersymmetric
partition function on Sd−1 × S1, with twisted boundary conditions around the “temporal” S1 to
incorporate the dependence on the various fugacities. See [V:5] in this volume for more details on
this approach. Viewed as a partition function, the index makes sense for non-conformal theories,
though in those cases it should be more properly referred to as a supersymmetric index. One can
show that such a partition function is independent on the RG scale, so that the superconformal index
of a theory realized as the IR fixed point of some RG flow can be often computed using the non-
conformal UV starting point of the flow [1, 3, 4]. Examples where this is a very useful strategy include
N = 1 gauge theories in four dimensions, and susy gauge theories in three and two dimensions. The
partition function interpretation is also useful to obtain the index in the presence of various BPS
defects, by the techniques of supersymmetric localization. In this review we will mostly stick to the
trace interpretation of the index, and localization will not play a role. We will determine the index of
the N = 2 SCFTs of class S (even in the presence of certain BPS defects) by a more abstract algebraic
viewpoint. A direct localization approach would not be an option since these theories do not generally
admit a known Lagrangian description.
We now specialize to the case of interest, namely N = 2 superconformal theories in four dimen-
sions. The N = 2 superconformal index depends on three superconformal fugacities (p, q, t) and on
any number of fugacities {ai} associated to flavor symmetries (which, by definition, commute with the
superconformal algebra),2
I(p, q, t; ai) := Tr(−1)F
(
t
pq
)r
pj12 qj34 tR
∏
i
afii e
−βδ2−˙ , (2.2)
where
2δ2−˙ := {Q˜2−˙, Q˜†2−˙} = E − 2j2 − 2R+ r . (2.3)
We will always assume that
|p| < 1 , |q| < 1 , |t| < 1 , |ai| = 1 ,
∣∣∣p q
t
∣∣∣ < 1 . (2.4)
Our notations are as follows. We denote by E the conformal hamiltonian (dilatation generator), by j1
and j2 the Cartan generators of of the SU(2)1×SU(2)2 isometry group of S3, by R and r the Cartan
generators of the SU(2)R×U(1)r the superconformal R-symmetry. We have also defined j12 := j2−j1
and j34 := j2 + j1, which generate rotations in two orthogonal planes (thinking of S3 as embedded in
R4). Finally {fi} are the flavor symmetry generators. In our conventions, we label the supercharges
2In this review we follow the conventions of [5]. In comparing with [6, 7], the only significant change is j1 → −j1 in
the definitions of j12 and j34. The conventions for labeling supercharges are also slightly different in these two sets of
references, but notations aside all of them choose “same” supercharge to define the general index (i.e. the supercharge
with quantum numbers E = R = −r = 1
2
, (j1, j2) = (0,− 12 ).
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as
QIα Q˜Iα˙ SαI S˜Iα˙ , (2.5)
where α = ± is an SU(2)1 index, α˙ = ±˙ an SU(2)2 index and I = 1, 2 an SU(2)R index. We have
S = Q† and S˜ = Q˜†. Writing an explicit trace formula for the index involves a choice of supercharge.
With no loss of generality, we chose in (2.2) to count cohomology classes of Q˜2−˙, which has quantum
numbers E = R = −r = 12 , (j1, j2) = (0,− 12 ). The states that to this index are the “harmonic
representatives” satisfy δ ≡ δ2−˙ = 0. All other choices of a Poincare´ supercharge would give an
equivalent index [2].
In appendix B we review the shortening conditions of the N = 2 superconformal algebra and the
recombination rules of short multiplets into long ones. Explicit formulae for the index of individual
short multiplets are given in appendix B of [6] and will not be repeated here. It is important to
keep in mind that knowledge of the index alone is in general not sufficient to completely reconstruct
the spectrum of short representations of a given theory. Schematically, the issue is the following [8].
Suppose that two short multiplets, S1 and S2, can recombine to form a long multiplet L1,
S1 ⊕ S2 = L1 , (2.6)
and similarly that S2 can recombine with a third short multiplet S3 to give another long multiplet L2,
S2 ⊕ S3 = L2 . (2.7)
By construction, the index evaluates to zero on long multiplets, so
I(S1) = −I(S2) = I(S3) . (2.8)
The index cannot distinguish between the two multiplets S1 and S3. (Note that S2 is distinguished
from S1 ∼ S3 by the overall sign.) A detailed discussion of equivalence classes of multiplets that have
the same N = 2 superconformal index can be found in section 5.2 of [8].
2.1 Free field combinatorics
The simplest examples of conformal quantum field theories are free theories. In a free theory, the gen-
eral local operator is obtained from normal ordering of the elementary fields, and its quantum numbers
including the conformal dimension take their classical “engineering” values. By the state/operator
map, local operators inserted at the origin are in one-to-one correspondence with states. Enumer-
ating states reduces then to the simple combinatorial problem of enumerating all possible composite
“words” (or “multi-particles”) built out of the elementary “letters” (or “single-particles”), which are
the elementary fields and their space-time derivatives.
For our purposes, we are interested in enumerating states with δ = 0, and since in a free theory the
value of δ of a composite operator is simply the sum of the values of δ of its elementary letters, we may
from the start restrict to the letters with δ = 0. The letters contributing the index of the free N = 2
hypermultiplet and of the free vector multiplet N = 2 are shown in Table 1. One immediately finds
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Letters E j1 j2 R r I(p, q, t)
φ 1 0 0 0 −1 pq/t
λ1±
3
2 ± 12 0 12 − 12 −p, −q
λ¯2+˙
3
2 0
1
2
1
2
1
2 −t
F¯+˙+˙ 2 0 1 0 0 pq
∂−+˙λ
1
+ + ∂++˙λ
1
− = 0
5
2 0
1
2
1
2 − 12 pq
Q 1 0 0 12 0
√
t
ψ¯+˙
3
2 0
1
2 0 − 12 −pq/
√
t
∂±+˙ 1 ± 12 12 0 0 p, q
Table 1. Contributions to the index from single-particle (letter) operators of the two basic N = 2 multiplets:
the vector multiplet and the hypermultiplet. We denote by (φ, φ¯, λIα, λ¯I α˙, Fαβ , F¯α˙β˙) the components of the
adjoint N = 2 vector multiplet, by (Q, Q¯, ψα, ψ¯α˙) the components of the N = 1 chiral multiplet, and by ∂αα˙
the spacetime derivatives.
the following single-particle indices (i.e., the indices computed over the set of single-particle states):
Is.p.H = t
1
2
1− p qt
(1− p)(1− q) (a+ a
−1)χΛ(x) , (2.9)
Is.p.V = −
q
1− q −
p
1− p +
p q
t − t
(1− p)(1− q) . (2.10)
Here a is a U(1) fugacity under which the two half-hypers have opposite charges and χΛ(x) is the
character of the representation of some global symmetry. The multi particle-indices are given by the
plethystic exponentials of the single-particle ones. In particular the index of a free hypermultiplet in a
bi-fundamental representation of SU(n)×SU(n), which will play an important role in our discussion,
is given by
IH(a,x,y; p, q, t) = PE
t 12 1− p qt
(1− p)(1− q) (a+ a
−1)
(
n∑
i=1
xi
) n∑
j=1
yj

=
n∏
i,j=1
Γ(t
1
2 a xi yj ; p, q) Γ(t
1
2 (a xi yj)
−1; p, q) . (2.11)
We collect the definitions of the plethystic exponenential, elliptic Gamma function, and related objects
in appendix A.
Conversely, one of the hallmarks of a free theory is the fact that the plethystic log of the index is
simple. For example, formally analogous to the counting problem in free field theory is the counting
problem for large N theories. It often happens that the conformal gauge theories come in families
labeled by the rank of the gauge group and in the limit of large rank they have a dual description
in terms of supergravity in AdS backgrounds [2]. In such cases the operators counted by the index
are dual to free supergravity modes. Thus, taking the limit of large N the index reduces again to a
simple plethystic exponential of the towers of single trace operators dual to the finite number of free
supergravity fields.
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2.2 Gauging
After we dealt with free theories, let us turn to interacting models. In general, we should not expect
any simple combinatorial description of the set of local operators in an interacting theory. An impor-
tant exception are the superconformal field theories that admit a Lagrangian description, which by
definition are continuously connected to free field theories by turning off the gauge couplings. Since
the index is independent of exactly marginal deformations, we may as well compute it in the free limit
(setting to zero all gauge couplings). The only effect of the gauging is the Gauss law constraint, i.e.
the projection onto gauge invariant states.
More generally, starting from a SCFT T , we can obtain a new superconformal field theory TG by
gauging a subgroup G of the flavor symmetry of T , provided of course that the gauge coupling beta
functions vanish. If the index of T is known, we find the index of TG by multiplying by the index of
a vector multiplet in the adjoint representation of G, and then integrating over G with the invariant
Haar measure to enforce the projecting over gauge singlets,
I[TG] =
∫
[dz]G IV (z) I[T ](z) . (2.12)
In fact we can treat the index IT (z) as a “black-box”: it might be the index of a collection of free
hypermultiplets, the index of a gauge theory, or the index of an interacting theory for which we do
not know a useful description in terms of a Lagrangian. Whenever a flavor symmetry is gauged in
four dimensions, the effect on the index is simply to introduce the vector multiplet and project onto
gauge-invariant states.3
In all known examples, conformal manifolds of N = 2 SCFTs are parametrized by gauge couplings.
It is tempting to speculate that the most general N = 2 SCFT is obtained by gauging a set of
elementary building blocks, each of which is an isolated theory with no exactly marginal couplings.
The simplest of such an elementary building block is the free hypermultplet theory. We will encounter
below several other examples of building blocks with no known Lagrangian description. Determining
the index of such isolated theories would appear to be very challenging. Fortunately, for theories of
class S we can leverage the additional structure of generalized S-duality. Let us turn to a concrete
illustration.
3 Interlude: duality and the index of E6 SCFT
In this section, we will sketch how to determine the index of a canonical example of isolated non-
Lagrangian theory, the SCFT with E6 flavor symmetry of Minahan and Nemeschansky [9]. The
general idea is to couple the isolated theory to some extra stuff, and use dualities to relate the larger
theory to a more tractable model.
For the case at hand, we exploit Argyres-Seiberg duality [10]. On one side of the duality we have
an SU(3) SYM with Nf = 6 flavors. On the other side of the duality we have a hypermultiplet in
the fundamental representation of gauged SU(2) under which also a strongly-coupled theory with E6
flavor symmetry [9] is charged. The SU(2) gauged group is a sub-group of the E6 flavor symmetry.
By the rules of computing the index reviewed in the previous section, this duality can be written as
3 In other dimensions the situation can be slightly more involved. For example, in three dimensions a gauge theory
contains local monopole operators which have to be introduced into the index computations along with the vector
multiplets.
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equality of two integrals [11],∫
[dz]G=SU(3) ISU(3)V (z) I(1)H (z,y,x, a, b) = (3.1)∫
[dz]G=SU(2) ISU(2)V (z) I(2)H (z, (a/b)3/2) IE6(x,y, {z(ab)−
1
2 , z−1(ab)−
1
2 }) .
Here IE6(x1,x2,x3) is the unkown index of the theory with E6 flavor symmetry with {xi} being the
fugacities for SU(3)3 maximal subgroup of E6; y and x are SU(3) fugacities and a, b are two U(1)
fugacities. The quantity I(1)H (z,y,x, a, b) represents the index of a collection of hypermultiplets in the
bi-fundamental representation of flavor of SU(3)2 and the gauged SU(3), whereas I(2)H (z, (a/b)3/2) is a
fundamental hypermultiplet of SU(2). The powers of U(1) fugacities a and b on the right-hand side of
the equality are a consequence of the details of the map of global symmetries between the two duality
frames. In general from equalities of integrals of this sort one cannot extract the precise values of the
integrands. However, in this particular case the integral on the right-hand side is invertible and just
by assuming the Argyres-Seiberg duality as manifested for the index in (3.1) one can explicitly deduce
the index IE6 . Schematically, this inversion procedure takes the following form
IE6(x,y, {c(ab)−
1
2 , c−1(ab)−
1
2 }) =
∮
C
d h
2piih
∆(h, c)
∫
[dz]G=SU(3) ISU(3)V (z) I(1)H (z,y,x, a, b) .
Here C is a well-defined integration contour and ∆ is a specific inversion kernel [12]. Physically, the
fact that the integral is invertible means that the extra hyper-multiplet introduced while gauging a
sub-group of the E6 symmetry adds enough structure so that the information about the protected
spectrum of the E6 theory itself, a-priori lost after gauging, can be still recovered.
We thus are able to completely fix the superconformal index of a theory not connected to a free
theory by a continuous parameter. The trick is to enlarge the theory with the bigger theory admitting
an alternative description which can be connected to a free theory by continuous deformation. This
basic idea will be behind the general procedure we will outline in the next sections.
Before turning to the general discussion of class S theories, let us illustrate in this concrete example
what kind of physical information can be extracted from the index. Explicitly computing (3.2) one
obtains to the lowest orders in the series expansion in fugacities
IE6 = PE[Iu]PE[IH(χ78)]PE[IT ] × (3.2)(
1− (t2 − p q t+ t2(p+ q)) (χ650 + 1)− p
3q3
t2
+ p q t χ78 + · · ·
)
.
In the first line we have the protected multiplets appearing in this theory: Iu is the Coulomb branch
multiplet (the dual of u = Trφ3 of the SU(3) gauge theory), IH is the Higgs branch generator, X, in
78 of the E6 global symmetry, and IT is the stress-energy multiplet. The quantum numbers of these
multiplets are different from free fields. Moreover, on the second line we have constraints appearing
removing some of the contributions generated on the first line: these constraints are the footprint of
the non-trivial dynamics of the theory. For example one constraint encoded here is
[X ⊗X]650⊕1 = 0 , (3.3)
which is the Joseph’s relation discussed in [13].
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4 Derivation of the index for theories of class S
In this section we will determine the index for all theories of class S. Broadly speaking, we will
be using the same kind of physical input as in the previous section, namely knowledge of the index
for Lagrangian theories and the assumption of generalized S-duality. We will however exploit these
ingredients in a different way, arriving at a particularly elegant and uniform description of the general
index. For simplicity we focus on the basic index (the S3× S1 partition function), and to the simplest
class S theories of type A. Several generalizations will be mentioned in section 6.
4.1 Class S
A lightening review of class S is in order. A 4d superconformal field theory of class S is specified the
following data:4
• A choice of the type g of the (2, 0) theory, where g = {An, Dn, E6, E7, E8} is a simply-laced Lie
algebra.
• A choice of UV curve Cg,s, where g indicates the genus and s the number of punctures of the
curve. Only the complex structure moduli of Cg,s matter. They are interpreted as the exactly
marginal gauge couplings of the 4d SCFT.
• Each puncture corresponds to a codimension two defect of the (2, 0) theory. We restrict to
the so-called regular defects, which are labelled by a choice of embedding Λ : su(2) → g. The
centralizer h ⊂ g of the image of Λ in g is the flavor symmetry associated to the defect. All in
all, the theory enjoys at least5 the flavor symmetry algebra ⊕si=1hi.
We will label the corresponding 4d SCFT as T [g; Cg,s; {Λi}].
From now on we will restrict our discussion to class S theories of type A, g = An−1. The embed-
dings Λ : su(2) → su(n) are in one-to-one correspondence with partitions of n, [n`11 , n`22 , . . . n`kk ] with∑
i `ini = n and ni > ni+1, which indicate how the fundamental representation of su(n) decomposes
under representations of Λ(su(2)). For the trivial embedding Λ = 0, associated to the partition [1n],
we have maximal flavor symmetry h = su(n) and the corresponding puncture is called maximal. The
other extreme case case is the principal embedding, associated to the partition [n], leading to h = 0
(no flavor symmetry), so the puncture is effectively deleted. Another important case is the subregular
embedding, associated to the partition [n − 1, 1], which leads to h = u(1), the smallest non-trivial
flavor symmetry, so the corresponding puncture is called a minimal puncture.6
The surface Cg,s can be assembled by gluing together three-punctured spheres, or “pairs of pants”
(viewed as three-vertices) and cylinders (viewed as propagators). Each cylinder is associated to a simple
gauge group factor of the 4d SCFT, with the plumbing parameter interpreted as the corresponding
marginal gauge coupling. The degeneration limit of the surface where one cylinder becomes very
4These are the “basic” theories. A larger list is obtained by allowing for “irregular” punctures. Further possibilities
arise by decorating the UV curve with outer automorphisms twist lines , see [14].
5In some special cases, the symmetry is enhanced by additional generators which are not naturally assigned to any
puncture.
6 Throughout this review we will often associate punctures with flavor symmetry factors. For theories of type A this
association is well motivated (although there can be two different punctures with same flavor symmetry), but one has to
remember that for type D and E theories one can have non-trivial punctures with no flavor symmetry associated with
them.
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long corresponds to the weak coupling limit of that gauge group. Cutting a cylinder is interpreted
as “ungauging” an SU(n) gauge group, leaving behind two maximal punctures, each carrying SU(n)
flavor symmetry. Conversely, gluing two maximal punctures corresponds to gauging the diagonal
subgroup of their SU(n) × SU(n) flavor symmetry. The basic building blocks of class S are thus
the theories associated to three-punctured spheres, TΛ1,Λ2,Λ3n := T [su(n); C0,3; Λ1 Λ2 Λ3]. These are
isolated SCFTs with no tunable couplings, in harmony with the fact that three-punctured spheres carry
no complex structure moduli. Most of them have no known Lagrangian description. An important
exception is the theory associated to two maximal and one minimal puncture, T
[1n] [1n] [n−1,1]
n , which
is identified with the free hypermultiplet in the bifundamental representation of SU(n)× SU(n).∣∣∣ 4d theory T [C] Riemann surface C ∣∣∣∣∣∣ Conformal manifolds Complex structure moduli of C ∣∣∣∣∣∣ SU(n) gauge group cylinder ∣∣∣∣∣∣ with coupling τ with sewing parameter q = exp(2piiτ)∣∣∣∣∣∣Flavor-symmetry factor Puncture labelled by SU(2)→ SU(n)∣∣∣∣∣∣ H ⊂ SU(n) with commutant H ∣∣∣∣∣∣ Weakly-coupled frame Pair-of-pant decomposition of C ∣∣∣∣∣∣ Generalized S-duality Moore-Seiberg groupoid of C ∣∣∣∣∣∣Partition function on S4 Correlator in Liouville/Toda on C ∣∣∣∣∣∣ Superconformal index Correlator in a TQFT on C ∣∣∣
Table 2. The basic class S dictionary.
Different pairs-of-pants decompositions of the UV curve correspond to different weakly coupled
descriptions of the same SCFT, related by generalized S-dualities. The Moore-Seiberg groupoid of the
UV curve is thus identified with the S-duality groupoid of the SCFT.
4.2 TQFT interpretation of the index
The index of T [g; Cg,s; {Λi}] is a function of the superconformal fugacities (p, q, t) and of the flavor
fugacities ai, i = 1, . . . s, associated to the Cartan generators of the global symmetry group H1⊗· · ·⊗
Hs, but it is independent of the complex structure moduli of the UV curve Cg,s. We can thus regard
the index as a correlator of a TQFT defined on the UV curve [15],
Ig[p, q, t; ai] = 〈O(a1) . . .O(as)〉Cg,s , (4.1)
where we have formally introduced “local operators” O(ai) associated to the punctures. This is
natural, because the index enjoys the kind of factorization property expected for a TQFT correlator.
Given a pair-of-paints decomposition of Cg,s we may cut an internal cylinder and disconnect the surface
into the two surfaces7 Cg1,s1+1 and Cg2,s2+1, with g1 + g2 = g and s1 + s2 = s. By applying the general
7This is the generic situation. The remaining possibility is that cutting the cylinder yields the connected surface
Cg−1,s+2. This case can be treated analogously.
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gauging prescription (2.12), we have the “factorization” formula8
Ig[a1, . . .as] =
∫
[db]G Ig1 [aj ,b] IV (b) Ig2 [b,ak] , j ∈ S1, k ∈ S2 , (4.2)
where S1 and S2 are the set of indices labeling the punctures on the two components, with S1 ∪ S2 =
{1, . . . s}. As the index is invariant under generalized S-dualities, one must obtain the same answer
by applying the factorization formula in different channels. This is the essential property that must
be satisfied by a 2d TQFT correlator.
To make the connection with the standard treatment of 2d TQFT more explicit, let us make a
change of basis, from a continuous to a discrete set of operators. For simplicity we restrict to the case
where all punctures are maximal, carrying the full flavor symmetry g. The operator O(a) is labelled
by the flavor fugacity a dual to the Cartan subalgebra of g. Consider now a complete set of Weyl
invariant functions {ψα(a)}, where the label α runs over the finite-dimensional irreps of G, and define
the discrete set of operators Oα by the integral transform
Oα :=
∫
[da]G IV (a)ψα(a)O(a) . (4.3)
It is convenient to choose the {ψα(a)} to be orthonormal under the propagator measure,∫
[da]G IV (a)ψα(a)ψβ(a) = δαβ . (4.4)
In this discrete basis, the factorization property reads simply
Igα1,...αs = Ig1{αj} β I
g2
β {αk} , (4.5)
where the repeated index β is summed over. It is then clear that the general correlator on an surface
of arbitrary topology can be obtained by successive contractions of the three-point correlator, i.e. the
index of the three-punctured sphere, Ig=0α1α2α3 =: Cα1α2α3 . These “TQFT structure constants” Cα1α2α3
are symmetric functions of the three labels αi and must satisfy the associativity constraint that follows
from demanding that factorization of Ig=0α1α2α3α4 in two different ways must yield the same result,
Cα1α2β Cβα3α4 = Cα1α3γ Cγα2α4 . (4.6)
This condition is in fact sufficient to ensure independence of the general correlator on any specific
choice of pair-of-pants decomposition. The structure that we have just described is very close to the
standard axiomatic description of 2d TQFTs, but with the caveat that in the mathematical literature
the state-space of the TQFT is usually taken to be finite-dimensional, whereas we have the infinite-
dimensional space of finite-dimensional irreps of g.
It is a simple linear algebra fact that one may always9 perform a further change of basis to a
preferred discrete basis, in which associativity relations (4.6) become trivial (see appendix A of [6]
for an explicit example). This is the so-called Frobenius basis, which is still orthonormal under the
8We’ll often omit the dependence on the superconformal fugacities to avoid cluttering.
9Here we should mention that since the state-space of the QFT obtained from the index is infinite dimensional there
might be in principle issues of converges when changing basis. Such complication though do not actually arise in practice
in the index computations.
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propagator measure and is such that the structure constants have the diagonal structure
Cλ1λ2λ3 = Cλ δλλ1 δλλ2 δλλ3 . (4.7)
In the Frobenius basis the non-vanishing components of the index associated to Cg,s take the very
simple form
Igλ...λ = C2g−2+sλ , (4.8)
which just follows from the observation that Cg,s can be built by gluing (2g − 2 + s) three-punctured
sphere, and that the contractions of indices implementing the gluings are all trivial in this basis. Going
back to the continuous fugacity basis,
Ig[a1, . . .as] =
∑
λ
C2g−2+sλ ψλ(a1) . . . ψλ(as) . (4.9)
In summary, the task of evaluating the general index is reduced to the task of finding the Frobenius
basis {ψλ(a)} and the structure constants Cλ.
4.3 Bootstrapping the index
The structure just outlined is so constraining that it essentially fixes the index of class S theories,
when supplemented with the extra physical input about the special cases that have a Lagrangian
description [7].
We focus on An−1 theories. Let us first aim to find the index for theories containing only maximal
punctures. For n > 2, none of these theories have a Lagrangian description. Nevertheless, their
index must obey compatibility conditions that follow by gluing in an extra three-punctured sphere of
type T
[1n] [1n] [n−1,1]
n , which is identified with the free hypermultiplet theory in the bifundamental of
SU(n)× SU(n). The physical input mentioned above is then
I[T [1n] [1n] [n−1,1]n ] = IH(a,x,y) , (4.10)
where the explicit expression of IH is given in (2.11). Recall that a is the U(1) fugacity associated
with minimal puncture while x, y the SU(n) fugacities associated with the two maximal punctures.
Let the index of T [C] with all maximal punctures be some unknown function10 IC(xi), symmetric
under permutations of the arguments xi, i = 1, . . . s. We construct a larger theory with s maximal
and one minimal puncture by gluing in a free hypermultiplet. The resulting index is given by
I(a,x1,x2 · · ·xs) =
∫
[dz] IV (z) IH(a,x1, z) IC(z−1,x2, · · · ,xs) . (4.11)
While in the above expression x1 appears to be treated asymmetrically from x2, . . .xs, generalized S-
duality (the TQFT structure of the index) demands that the integral be invariant under permutations
of all the xi. Remarkably, this will be sufficient to determine the function IC . To reach this conclusion,
we take an apparent detour and study the analytical properties of the integral as a function of the
U(1) fugacity a.
One can show that the integral has simple poles for
prqst
n
2 a−n = 1 , (4.12)
10The dependence on the superconformal fugacities (p, q, t) is again left implicit.
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where r and s non-negative integers. To see this one notices that the poles in z in the integrand move
around when one varies a. At the special values (4.12) pairs of poles pinch the integration contours
and cause the whole integral to diverge. A toy example of this mathematical phenomenon is as follows.
Consider (|t a|, |t b|, |t c| < 1)∮
dz
2piiz
∮
dy
2piiy
1
t a− y
1
t b− z
1
t−1c−1 − z y =
∮
dz
2piiz
1
t b− z
1
t−1c−1 − z t a =
t c
1− t3 a b c .
We have a pole at t3a b c = 1. This can be viewed as the pole in y at t a colliding with pole in y at
t−1c−1z−1 simultaneously with pole in z at t b colliding with the pole at t−1c−1y−1.
The residues of the poles (4.12) are easy to compute. This residue gets contributions in the
z contour integrals only from the finite number of poles that pinch the integration contours. The
simplest case is the residue at t
n
2 a−n = 1,
IV Restn2 a−n→1I(a,x1,x2, · · · ) = IC(x1,x2, · · · ) , (4.13)
where IV is the index of U(1) N = 2 vector multiplet. So picking up the residue at a2t−1 = 1 has the
effect of “deleting” the extra U(1) puncture. A slightly more involved calculation gives the residue at
qt
n
2 a−n = 1,
IV Resqtn2 a−n→1I(a,x,y, · · · ) = (4.14)
=
θ(t; p)
θ(q−1; p)
n∑
i=1
∏
j 6=i
θ( tqxi/xj ; p)
θ(xj/xi; p)
IC({xi → q− 12xi, xj 6=i → q
1
2xj},y, · · · )
=:
θ(t; p)
θ(q−1; p)
S(r=0,s=1)(x) IC(x,y, · · · ) .
We see that the residue is computed by the action on IC of an interesting difference operator, which we
have named S(r=0,s=1)(x), shifting the values of the fugacity x. The residues can be easily computed
for general values of r and s in (4.12), and are again given by acting on IC with certain difference
operators S(r,s)(x) which we will not write explicitly. The operators S(r,s)(x) all commute with each
other and are self-adjoint under the propagator measure.
As we have already observed, there is nothing special about the puncture labelled by x. What sin-
gled out x in the above calculation is the choice of a pair-of-pants decomposition where the punctured
labelled by x belongs to the three-punctured sphere associated to the free hypermultiplet theory. A
different pair-of-pants decomposition would single out a different puncture. By generalized S-duality,
acting with S(r,s) on different punctures must give the same answer:
S(r,s)(xk) IC(x1, · · · ,xs) = S(r,s)(x`) IC(x1, · · · ,xs) (4.15)
for any choice of k, ` = 1, . . . s. This is the basic relation that allows to fix the index.
Consider a complete basis of simultaneous eigenfunctions of the difference operators,
S(r,s)(x)ψλ(x) = E(r,s)λ ψλ(x) . (4.16)
If the eigenvalues are non-degenerate (as can indeed be checked to be case), these functions are
automatically orthogonal under the propagator measure, and can be normalized to be orthonormal.
The punchline is now simply stated: this is precisely the Frobenius basis introduced in the previous
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Figure 1. Two different pair of pants decompositions corresponding to two different S-duality frames of the
field theory. In the two duality frames the minimal puncture labeled by a sits in a pair-of-pants with a different
maximal puncture. The index computed in the two frames should give the same result.
section for the TQFT of the index. Indeed, expanding the index associated to the three-punctured
sphere as
I(x1,x2,x3) =
∑
λ1,λ2,λ3
Cλ1λ2λ3 ψλ1(x1)ψλ2(x2)ψλ3(x3) , (4.17)
we see from (4.15) and the assumption of non-degenerate eigenvalues that the structure constants can
be non-vanishing only for λ1 = λ2 = λ3.
The eigenfunctions ψλ are not known in closed analytic from for general values of the supercon-
formal fugacities (q, p, t), but there are well-defined algorithms to find them as series expansions (see
e.g. [16]). Moreover, as we will see in detail in the following section, closed analytic forms are available
for special limits of the superconformal fugacities.
To complete the computation, it remains to determine the structure constants Cλ. First, expanding
the index of the free hypermultiplet theory as
IH(a,x,y) =
∑
λ
φλ(a)ψλ(x)ψλ(y) , (4.18)
we define the functions φλ(a) associated to the minimal puncture. The functions ψλ are chosen to be
orthonormal under the vector multiplet measure but functions φλ do not have natural normalization
properties at this level of the discussion and their normalization is defined by (4.18).11 Second,
we consider the theory associated to the sphere with two maximal and n − 1 minimal punctures.12
This theory has two equivalent descriptions, depicted respectively in the top and bottom pictures in
Figure 4.3: (i) It can be obtained by gluing to the basic non-Lagrangian building block T
[1n] [1n] [1n]
n a
superconformal tail [17], which is Lagrangian quiver SCFT with flavor symmetry SU(n−1)×U(1)n−1.
(ii) It can be obtained in a completely Lagrangian setup as a linear quiver. For the index this implies
11The same will hold for functions φΛλ associated to general punctures we will define later in this section.
12We take n > 2 as the n = 2 case is trivial. For n = 2 there is no distinction between minimal and maximal
punctures. The basic building block T2 is identified with a free hypermultiplet in the trifundamenal representation of
SU(2)3. The structure constants can then be obtained directly by expanding the free hypermultiplet index.
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the following equality:
∑
λ
ψλ(x)ψλ(y)
n−1∏
i=1
φλ(bi) =
∑
λ
Cλ ψλ(x)ψλ(y)
∫
[dz] ∆(z; {bi})ψλ({z, b}) , (4.19)
where z is an SU(n − 1) fugacity and an appropriate function of the bi fixed by matching the U(1)
symmetries on the two sides. The function ∆(z; {bi}) can be easily calculated from the superconformal
tail. Since all quantities are known except the structure constants Cλ, this relation allows to fix them
explicitly. This completes the derivation of the index of class S theories of type A, with maximal and
minimal punctures.
N
N
2N − 1 N − 2 N − 3
1 1 1
1
φλ(b2) φλ(bN−2)
Cλ
ψλ(y)
ψλ(x)
∮
[z] ∆(z; {bi})ψλ({z, b})
1 1
N N N N NN
11
φλ(b1) φλ(bN−1)
ψλ(x) ψλ(y)
Figure 2. One can determine the structure constants Cλ of the An−1 theories by studying the theory associated
to a sphere with two maximal and n−1 minimal punctures (top picture). In one duality frame (middle picture)
this is given by a Tn theory, involving Cλ, coupled to a “superconformal tail” quiver. In another duality frame
(bottom picture) this is given by a linear quiver with an SU(n)n−2 gauge group, where each SU(n) is coupled
to 2n hypermultiplets. For n = 3, the equivalence of the two frames is the celebrated Argyres-Seiberg duality,
whose consequences for the index of T3 (≡ the E6 SCFT) have already been explored in section 3.
To include punctures of general type Λ, we need more general superconformal tails. For each
Λ, there exists a minimal integer n(Λ) such that the theory associated to one maximal puncture,
one puncture of type Λ and n(Λ) minimal punctures can be described by a Lagrangian quiver gauge
theory [17]. This can in fact be viewed as a definition of the puncture of type Λ. By equating the
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abstract definition of the index of such a theory, namely
∑
λ
ψλ(x)φ
Λ
λ (yΛ)
n(Λ)∏
i=1
φλ(bi) , (4.20)
with the explicit integral expression of the same index given by Lagrangian quiver description we can
determine the factor φΛλ (yΛ) associated to the puncture of type Λ.
In summary, we have described an algorithm that determines the superconformal index for all
theories of class S with regular punctures. The index takes an elegant general form in terms of
structure constants Cλ(p, q, t) and of “wavefunctions” {φΛiλ (yΛi ; p, q, t)} associated to the punctures,13
I =
∑
λ
C2g−2λ
s∏
j=1
φΛiλ (yΛi) , (4.21)
where the sum is over the set of finite-dimensional irreps of g = su(n).
A caveat is in order. Not every possible choice of Riemann surface decorated by a choice of {Λi}
at the punctures corresponds to a physical SCFT. An indication that a choice of decorated surface
may be unphysical is if the sum in (4.21) diverges, which happens when the flavor symmetry is “too
small”. There are subtle borderline cases where the sum diverges, but the theory is perfectly physical
– this can happen when the theory has additional “accidental” flavor symmetries not associated to
punctures. An example of such a theory is the rank two E6 SCFT. These cases have to be treated
with more care [18].
We will discuss how to calculate explicit expressions for the wavefunctions and structure constants
in the next section. In the rest of this section we offer two viewpoints that illuminate the structure of
the result, the first related to Higgsing and the second to dimensional reduction.
4.4 Higgsing: reduced punctures and surface defects
The index is a meromorphic function of flavor and superconformal fugacities, with a rich structure of
poles. A large class of these poles has a nice physical interpretation [7].
Consider a schematic version of the index,
I(a, b) = Tr(−1)F af tR , (4.22)
where f and R are two conserved charges. Let us assume that I has a pole in fugacity a,
I = I˜(a, t)
1− afO tRO . (4.23)
It is natural to associate the pole to a bosonic operator O, with charges f = fO and R = RO, such
that an infinite tower of composites of the form On contribute to the index. In the simplest case, O
is the generator of a ring spanned by {On}, and the pole appears by resumming the geometric sum,
1 + afO tRO + (afO tRO )2 + . . . (4.24)
13Comparing with (4.9), we have reabsorbed some factors of Cλ into wavefunctions, by setting a new normalization
for the wave function of the maximal puncture, φ
[1n]
λ
:= Cλψλ.
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In more complicated cases, there can be several generators obeying non-trivial relations, which are
encoded in the numerator of (4.23). The residue at afO tRO = 1 is given by I˜(t−RO/fO , t), which can
be interpreted as
Tr′(−1)F tR¯ , R¯ := R− RO
fO
f , (4.25)
where the prime on the trace indicates that we are omitting the infinite set of states with R¯ = 0,
which are of course the states responsible for the pole in the first place. The shifted charge R¯ is the
linear combination of charges preserved in a background where O has acquired a non-zero vacuum
expectation value (vev). In a path integral representation of the index as the S3×S1 partition function,
the divergence at afO tRO = 1 arises from the integration over a bosonic zero mode, which heuristically
we identify with 〈O〉. Following this intuition, we expect the residue to be controlled by the behavior
of theory “at infinity” in the moduli space parametrized by 〈O〉, that is, by the properties of the IR
theory reached at the endpoint of the the RG flow triggered by giving O a vev. We interpret I˜ as the
index of this IR fixed point.
Reducing punctures
As a first application of these ideas, let us obtain more directly the index in the presence of punctures
of general type, taking as starting point the index with maximal punctures. The idea is that the theory
with a partially-closed puncture can be obtained from the theory with a full puncture by partially
higgsing the full su(n) flavor symmetry, and flowing to the IR.14 The role of the operator O that
featured the above general discussion is played by the moment map operator µ. The moment map
is the superconformal primary of the supermultiplet that contains the flavor symmetry current, and
thus transforms in the adjoint representation of su(n).15 Given an embedding Λ : su(2) → su(n), we
choose the vev of µ to be
〈µ〉 = Λ(t−) ∈ adjsu(n) , (4.26)
where t− is the lowest weight of su(2). The flavor symmetry is broken down to the centralizer of Λ
in su(n), which we call gΛ. We expect to find poles in the wavefunction φλ(a) in correspondence to
each component of µ that receives a vev. Extracting the residues with respect to such poles should
give the wave function φΛλ (xΛ) associated to the reduced puncture. More precisely, the symmetry
breaking also generates Goldstone modes that give a decoupled free sector, and we should remove
their contribution if we are interested in the interacting IR SCFT. Finally we should remember to
redefine charges, following the general principle outlined in (4.25). In our case, the vev for µ breaks
the SU(2)R symmetry, however a linear combination R¯ of the original R Cartan generator and of flavor
Cartan generators is preserved; we expect this symmetry to enhance in the IR to the full non-abelian
SU(2)R¯ of the interacting fixed point.
16 All in all, we have the prescription
GΛ(aΛ)φ
Λ
λ (aΛ) = Resa→fugΛ(aΛ,t) φλ(a) , (4.27)
where the prefactor GΛ, which is easily computable, accounts for the contribution to the index of the
14The equivalence between the realization of general punctures by superconformal tails (as sketched in the previous
subsection) and the higgsing procedure that we are about to implement is explained in section 12.5 of [19].
15 The moment map is also an SU(2)R triplet and U(1)r singlet. We consider the highest SU(2)R weight (which has
R = 1), since it is the component that contributes to the index.
16 It might be that the vev actually preserves the diagonal subgroup of the UV su(2) R-symmetry and some su(2)
subgroup of the flavor symmetry. In such a case there is no need for the IR enhancement of the R-symmetry. We thank
C. Beem, D. Gaiotto, and A. Neitzke for pointing this out to us.
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Goldstone bosons induced by the symmetry breaking. The fugacity replacement a→ fugΛ(aΛ, t) can
be obtained with a little representation theory. Any representation R of g = su(n) decomposes as
R =
⊕
j
R(R)j ⊗ Vj , (4.28)
where R(R)j is some (generally reducible) representation of gΛ and Vj the spin j representation of
su(2). Then fugΛ(aΛ, t) is the solution for a in the character decomposition equation,
17
χgf (a) =
∑
j
χgΛR(f)j
(aΛ)χ
su(2)
Vj
(t
1
2 , t−
1
2 ) . (4.29)
One can check that (4.27) reproduces the wavefunctions obtained using superconformal tails by the
method outlined in the previous subsection. Let us give a couple of simple examples.
Taking g = su(2) and Λ : su(2) → su(2) the principal embedding, which in this case is just the
identity map, the centralizer is of course trivial and (4.29) reads
a+ a−1 = t
1
2 + t−
1
2 , (4.30)
which has the two solutions a = t
1
2 , t−
1
2 , related by the action of the Weyl group a ↔ a−1. Since
we are interested in the vev of the su(2) lowest weight µ− of the moment map, whose contribution
to the index is a−2t, we should pick a = t
1
2 ; the other solution t−
1
2 would be associated to the su(2)
highest weight µ+. The lesson (which generalizes) is that if we are interested in giving a vev to specific
operator, we should fix a representative of the Weyl orbit. Extracting the residue at a2t−1 = 1 will
give the index of the IR theory at the end of the RG flow triggered by 〈µ−〉, times the contribution
from the free Goldstone bosons. In this case, the Goldstone bosons consist of a free hypermultiplet
in the fundamental of the flavor su(2). Both the flavor and R symmetry are broken by the vev,
but the combination R¯ = R + f/2 is preserved. Under the new SU(2)R¯, the scalars of the free
hypermultiplet transform as 3 + 1, with the singlet corresponding to the states responsible for the
divergence. Extracting the pole is precisely equivalent to omitting this singlet states. Setting a = t
1
2
in (2.9) we see that under this new charge assignment the non-singlet states of the free hypermultiplet
give a contribution to the index exactly equal to the inverse of the index of a free U(1) vector multiplet,
so the Goldstone boson factor in (4.27) is G = I−1V . All in all, we have derived from general principles
the following prescription to close an su(2) puncture,
IV Resa−2t→1 φ[1
2]
λ (a) = φ
[2]
λ ≡ 1 . (4.31)
In the last equality we have just reminded ourselves that the wavefunction of a fully closed puncture
is identically equal to one. One can check (4.31) using the expression for φ
[12]
λ derived by the methods
of the previous subsection.
A sightly more involved example is g = su(3) and Λ the subregular embedding, corresponding to
the partition [2, 1]. The centralizer is gΛ = u(1). If a1, a2, a3 with a1a2a3 = 1 are the su(3) fugacities,
and b the u(1) fugacity, (4.29) takes the form
a1 + a2 + a3 = b (t
1
2 + t−
1
2 ) + b−2 . (4.32)
17The solution is unique up to the action of the Weyl group.
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The only solution (up to the action of the Weyl group, which permutes the ai) is a1 = t
1
2 b, a2 = t
− 12 b,
a3 = b
−2. Extracting the residue and removing the contribution of the Goldstone bosons accomplishes
the reduction of the full puncture to the minimal puncture.
Surface defects
Next, we would like to interpret in a similar light the poles (4.12) that played such a crucial role in
the previous subsection. Recall the basic setup: we “glued” the bifundamental hypermultiplet theory
T
[1n] [1n] [n−1,1]
n to a general theory T [C], connecting a maximal puncture of one theory with a maximal
puncture of the other theory by gauging the diagonal SU(n) symmetry. We then extracted residues
with respect to the fugacity a for the U(1) global symmetry of the hypermultiplet. This is the U(1)
baryon symmetry, under which the complex scalars q and q˜ have charge −1 and +1 respectively. It
is then clear that the operator associated to the simplest pole, at a−nt
n
2 = 1, is the baryon operator
B = det q. Giving a vev to B higgses the SU(n) gauge group, triggering an RG flow whose IR
endpoint is the original theory T [C] and a collection of decoupled free fields [7]. This explains (4.13).18
By the same logic, the poles at prqst
n
2 a−n = 1 are naturally associated to holomorphic derivatives
of the baryon operator in the 12 and 34 planes, ∂r12 ∂
s
34 det q. We expect the residue at these poles to
describe the IR physics of the flow triggered by a spacetime-dependent vev of the form 〈B〉 ∼ zrws.
Consider first the r = 0, s 6= 0 case. Away from the w = 0 plane, the endpoint of the flow is still T [C].
However some extra degrees of freedom survive at w = 0, which we interpret as a surface defect for
T [C] extended in the 12 plane. Similarly, the endpoint of the flow with r 6= 0, s = 0 is T [C] decorated
with an extra surface defect extended in the 34 plane. In the general case with rs 6= 0 both type of
defects will be present. In the S3 × S1 geometry, these surface defects fill the “temporal” S1 and the
two maximal circles inside the S3 fixed by the j12 and j34 rotations, respectively. This proposal has
been checked [20] in a set of examples where T [C] admits a Lagrangian description, and surface defects
can be added by coupling the 4d SCFT to a (2, 2) sigma model; the index can then be independently
evaluated by localization techniques, confirming the prescription that we have just outlined.
In summary, we have found a physical interpretation for the difference operators S(r,s): their
action on the index of T [C] yields the index of the same theory decorated by some extra surface
defect [7]. Since the difference operators act “locally” on the generalized quiver, we should associate
them to special punctures of the UV curve. This agrees with the M-theory picture, where the surface
defects correspond to M2 branes localized on the UV curve. Acting with a difference operator on a
given flavor fugacity corresponds pictorially to colliding the special puncture with a flavor puncture.
The location of the special punctures on the UV curve is immaterial, so collision of the same special
puncture with different flavor punctures is bound to give the same result – which is a restatement of
(4.15).
This description of surface defects bears a striking kinship with the analogous picture that arises
in the AGT correspondence [21, 22]. The introduction of surface defects in the S4 partition function is
accomplished by the insertion of special, semi-degenerate operators in the Toda CFT correlator defined
on the UV curve. These operators are the key to the solution of Liouville theory by the conformal
bootstrap [23]: considering their fusion with normalizable vertex operators one can derive functional
18For n = 2, the U(1) baryon symmetry enhances to SU(2), B ≡ µ− (the lowest weight component of the moment
map), and (4.13) is precisely equivalent to (4.31).
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equations that admit a unique solution. Similarly, we have special punctures in our 2d TQFT that
insert surface defects in the S3 × S1 partition function. Their fusion with ordinary flavor punctures
leads to the topological bootstrap equations (4.31), which uniquely fix the superconformal index.
y
z
z
z
y
y
S(r,s)
S(r,s)
S(r,s)
Figure 3. The difference operators S(r,s), which compute residues and introduce surface defects, can be
visualized as special punctures on the UV curve. The action of S(r,s) on a flavor fugacity is interpreted as
the collision of the special puncture with a flavor puncture. We can act on different punctures and obtain the
same result for the index (top and middle pictures). We can also define the action of S(r,s) on a long tube
(bottom picture), by cutting open a cylinder, acting on one of the open punctures and gluing the surface back.
S-duality guarantees that this is a well-defined procedure. In this way we can introduce the special punctures
S(r,s) on a UV curve with no flavor punctures at all.
4.5 Reduction to 3d
The index of theories of class S has a very definite structure (4.21). This structure is natural since
it is a manifestation of the 2d TQFT nature of the index of the theories at hand as was anticipated
in section 4.2. It is however an important question to understand better the physical meaning of the
different ingredients entering (4.21). For example, we would like to gain more insight into the physical
significance of the eigenfunctions φΛiλ (yΛi) and the eigenvalues E(r,s)λ . Let us consider here a very
informative 3d interpretation of (4.21).19
We can consider theories of class S onM3×S1 withM3 some three dimensional manifold. Upon
reduction on the S1 we obtain a 3d theory on M3. The N = 2 class S theories admitting a known
description in terms of a Lagrangian upon dimensional reduction on S1 are described in terms of the
same field content and same gauge and superpotential interaction as the 4d parent theory. The 3d
Lagrangians however are not conformal and the theories flow in general to an interacting N = 4 3d
SCFT in the IR. The 4d conformal S-dualities imply IR (Seiberg-like) dualities of the 3d models. Thus
19 A 6d physical interpretation of this equation can be also entertained [24] but we will not discuss it in this review.
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the complex moduli of the Riemann surface defining the model in 4d do not translate to physical
parameters in 3d: the topology of the surface and the information at the punctures alone are sufficient
to completely specify the 3d model. An extremely interesting fact about the class S theories in 3d is
that they possess yet another dual description. All theories of class S reduced to 3d, with and without
known Lagrangian description in 4d, have a mirror description in 3d in terms of a star-shaped quiver
theory [25].
This mirror symmetry states that a theory corresponding to a Riemann surface with genus g and
s punctures of types Λi is dual to a quiver theory coupling s linear quivers TΛi [g] [26] associated to
Lie algebra g = su(N) by gauging the common g with an addition of g N = 4 adjoint hypermultiplet,
see figure 4.5 for an example.
1
1
3
2
1
3
2
3
1
T(1,1,1,1)[su(4)] :
T(3,1)[su(4)] :
4
4 1
4 3 2 1
Figure 4. On the left we have an example of a star-shaped quiver mirror of the A3 theory corresponding to a
sphere with four punctures, two of which are maximal and one is minimal. On the right the quiver theories for
T(1,1,1,1)[su(4)] corresponding to the maximal puncture and T(3,1)[su(4)] corresponding to minimal puncture
are depicted.
The dimensional reduction on S1 can be performed at the level of the index. Here M3 is S3
and upon reduction of the index on S1 we obtain the partition function of the dimensionally reduced
theory on a squashed sphere S3b [27–29] (see also [30]). The reduction is done by first parametrizing
the fugacities as
t = e2piir1(γ+
i
2r3
(b+b−1)), z = e2piir1σ, p = e2pibr1/r3 , q = e2pib
−1r1/r3 , (4.33)
where r1 is the radius of S1 and r3 is the radius of S3. Then the radius of S1, r1, is sent to zero. The
parameter b is the squashing parameter of the sphere.
We have defined the functions φΛiλ (yΛi) as eigenfunctions of difference operators S(r,s) and argued
that this operators have a physical interpretation of introducing linked surface defects to the index
computation. The surface defects corresponding to S(0,s) and S(r,0) span the S1 and one of the two
equators of S3. Upon reduction on the S1 these become line defects sitting on one of the two equators
of S3b . When sending r1 → 0 the difference operators have very simple limit. For example in the A1
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case we have20
S(0,1) · f(z) → T (σ) · fˆ(σ) = (4.34)
=
sinhpib
(
i(b−b−1)
2 − γ + 2σ
)
sinh 2pibσ
fˆ(σ +
ib
2
) +
sinhpib
(
i(b−b−1)
2 − γ − 2σ
)
sinh−2pibσ fˆ(σ −
ib
2
) ,
where fˆ(σ) = limr1→0 f(e
2piir1σ). Interestingly a set of eigenfunctions of this operator is given by
the S3b partition functions of the T[su(2)] theory. The T[su(N)] theory has global su(N)H × su(N)C
symmetry with the su(N)H acting on the Higgs branch and su(N)C acting on the Coulomb branch.
Turning on real mass parameters, σH and σC , for the two symmetries the S3b partition function of
T[su(N)] can be denoted by φ(γ,b)(σH |σC) and we have the property
T (σC) · φ(γ,b)(σH |σC) =W(σH)φ(γ,b)(σH |σC) . (4.35)
The eigenvalue W(σH) is the expectation value of the Wilson loop for the su(N)H global symmetry.
This eigenvalue property of the partition function thus suggests the physical interpretation that the
line defect for the gauge symmetry of T[su(N)] is equivalent to a Wilson line for the global su(N)H
symmetry. This fact is not surprising since the T[su(N)] theories make their appearance as models
living on S-duality domain wall separating two S-dual N = 4 SU(N) SYM theories. Since under
4d S-duality defect (’t Hooft) line operators map to Wilson operators our 3d eigenvalue statement is
natural.
Further, the S3b partition function of a star shaped quiver mirror dual say to the A1 theory with
genus g and s punctures has the following form,
Zg,s({σ(i)C }si=1) =
∫
dσHZV (σH) ZH(σH)g
s∏
i=1
φ(γ,b)(σH |σ(i)C ) . (4.36)
Here ZH(σH) is the contribution of an N = 4 3d adjoint hypermultiplet and ZV (σH) is the contri-
bution of the vector. Note the striking structural similarity between (4.21) and (4.36). This is not a
coincidence [31]. One can argue that indeed in the r1 → 0 limit the eigenfunctions φΛλ (yΛ) reduce to
the S3b partition functions of TΛ[su(N)]. The discrete labels of the eigenfunctions, λi, become (linear
combinations of) the real masses of the symmetry rotating the Coulomb branch of TΛ[su(N)], σ
(i)
C :
roughly, taking the r1 → 0 limit we should also concentrate on large representations and keep r1 λi
fixed.
Let us summarize the 3d interpretation of the eigenfunctions,
• The difference operators introduce line defects.
• The eigenfunctions are S3b partition functions of TΛ[su(N)].
• The eigenvalues are expectation values of Wilson loops.
• The existence of the eigenvalue equation follows from 4d S-duality through the statement that
Wilson and ’t Hooft lines are S-dual to each other.21
20This operator is called the Macdonald operator in math literature and we will shortly encounter a different incar-
nation of it in 4d index context.
21When writing this equation as a difference operator anihilating the partition function, it gives rise actually to the
difference operator anihilating holomorphic blocks of the 3d partition function [32].
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In particular the fact that the index of theories of class S in 4d can be written in the form (4.21) is a
4d manifestation of the fact that the dimensionally reduced theories admit a mirror description. That
is the index written as (4.21) is a 4d precursor of the 3d mirror symmetry. The interested reader
might consult [33] for more thorough discussion of these issues.
Finally let us also mention that the 3d eigenfunctions, S3b partition functions of TΛ[su(N)], provide
a connection between the 4d index and the 4d S4 partition functions of theories of class S. As we
mentioned TΛ[su(N)] models are obtained by considering N = 4 4d theories with a duality domain
wall. The kernel which implements the insertion of such duality wall in the S4 partition function
computation is precisely the S3b partition function of TΛ[su(N)] [34]. In particular the difference
operator we obtained by reduction to 3d are the same difference operators introducing line defects into
Liouville-Toda/S4 (AGT correspondence [21]) computations [7] (see also [35]).
5 Integrable models and limits of the index
The discussion of the previous section reduces the physical problem of determining the superconformal
index of class S theories to the mathematical problem of finding a complete set of orthonormal eigen-
functions of the difference operators S(r,s)(x). Remarkably, these operators are closely related to the
Hamiltonians that define a well-known class of integrable models, the elliptic relativistic Ruijsenaars-
Schneider (RS) models, aka relativistic elliptic Calogero-Moser-Sutherland models.
The operator (4.14), S(0,1)(x), is related to the basic RS Hamiltonian H1(t, q; p) by a similarity
transformation,
H1(t, q; p) = θ(q
−1; p)
θ(t; p)
1∏
i6=j Γ(t zi/zj ; p, q)
S(0,1)(z)
∏
i 6=j
Γ(t zi/zj ; p, q) . (5.1)
Under the same similarity transformation, the propagator measure in the An−1 case becomes
1
n!
∮ n−1∏
i=1
dzi
2piizi
∏
i6=j
Γ(t zi/zj ; p, q)
Γ(zi/zj ; p, q)
· · · . (5.2)
Higher operators, H`, can be constructed as polynomials in S(0,s). One can think of the n − 1
independent H` operators as associated to antisymmetric representations of SU(n), whereas S(0,s)
are associated to symmetric representations. Then by exploiting group theory and the fact that the
fundamental representation can be trivially thought as either symmetric or antisymmetric one can
translate between H` and S(0,s) (see for example [35]).
The parameters p, q, and t appear in the Hamiltonian H1(t, q; p) on different footing: (i) the
parameter t plays a role of coupling constant, (ii) q is the shift parameter of the difference operator and
can be understood as an exponent of the “speed of light” parameter of the relativistic integrable system,
(iii) the integrable model is associated to an elliptic curve parametrized by p. Given an eigenfunction
of H1 dressing it with an arbitrary elliptic function in q a huge class of new eigenfunctions can be
obtained. This arbitrariness is lifted by the demand that the eigenfunction we are after diagonalize
both operators S(0,s) and S(s,0) and in particular are symmetric with respect to exchanging p and q.
The RS models have a long history of rich connections with gauge theories in various dimen-
sions (see e.g. [36, 37]). Nevertheless, for general values of (p, q, t) determining the exact eigenfunctions
and eigenvalues of the difference operators is still an open problem. For some natural limits of the
parameters the eigenfunctions are well known. Curiously, many of the same limits have independent
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physical interest, because they lead to a supersymmetry enhancement of the S3 × S1 partition func-
tion. One can systematically classify the limits of the index that enjoy enhanced supersymmetry, and
relate them to integrable models. We will shortly review some of the salient results in this direction.
Physical properties of theories of class S impose additional constraints on φλ(z). For example, since
some of the theories have known Lagrangian descriprion the indices can be explicitly computed as
integrals of elliptic Gamma functions and the results have to match the expressions evaluated using
the eigenfunctions. Exploiting the known expressions for the eigenfunctions for specialized values of
the parameters and the additional physical constraints one can set up a perturbative scheme around
the known results to compute the eigenfunctions for general values of the parameters [7, 16].
We now turn to discuss several useful limits of the index for which explicit expressions for eigenfunctions
are known.
Schur index
The trace formula (2.2) that defines the general index can be written in the following equivalent form
(we suppress flavor fugacities to avoid cluttering):
I(q, p, t) = Tr(−1)F p 12 δ1− q 12 δ1+ tR+r e−β′δ2−˙ , (5.3)
where
2δ1+ := {Q1+ , (Q1+)†} = E + 2j1 − 2R− r > 0 (5.4)
2δ1− := {Q1− , (Q1−)†} = E − 2j1 − 2R− r > 0
2δ2−˙ := {Q˜2−˙ , (Q˜2−˙)†} = E − 2j2 − 2R+ r > 0 .
The inequalities follow from unitarity of the representation and will be useful momentarily. The
equivalence of (2.2) and (5.3) follows immediately by recalling that only states with δ2−˙ = 0 contribute
to the trace. The Schur index is the “unrefined” index obtained by setting q = t. . One readily observes
that on this slice the combination of conserved charges appearing in the trace formula commute with
a second supercharge, Q1−, in addition to the supercharge Q˜2−˙ that leaves invariant the general index.
As the p dependence is Q1−-exact, it drops out, and we are left with a simple expression that depends
on q alone,22
ISchur := Tr(−1)F qE−R . (5.5)
The index counts operators with δ1− = δ2−˙ = 0, or equivalently
L̂0 :=
E − (j1 + j2)
2
−R = 0 , Z := j1 − j2 + r = 0 . (5.6)
In fact, the unitarity inequalities in (5.4) give L̂0 > |Z|2 , so the first condition implies the second. We
refer to operators obeying L̂0 = 0 as Schur operators. A Schur operator is annihilated by two Poincare´
supercharges of opposite chiralities (Q1− and Q˜2−˙ in our conventions). This is a consistent condition
22In principle the Schur index might make sense also for non-conformal N = 2 theories quantized on S3×R, although
we are not aware of a detailed analysis of the requisite deformations needed to define an N = 2 theory on such a curved
background (the analysis of [38] might be of help here). The N = 1 analysis of [4] is not sufficient, because the Schur
index cannot be understood as a special case of the N = 1 index. Of course, in the non-conformal case one cannot relate
S3 × R to R4 by a Weyl rescaling and there is no state/operator map.
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Multiplet OSchur h := E+(j1+j2)2 r Lagrangian “letters”
BˆR Ψ11...1 R 0 Q, Q˜
DR(0,j2) Q˜1+˙Ψ11...1+˙...+˙ R+ j2 + 1 j2 + 12 Q, Q˜, λ˜1+˙
D¯R(j1,0) Q1+Ψ11...1+···+ R+ j1 + 1 −j1 − 12 Q, Q˜, λ1+
CˆR(j1,j2) Q1+Q˜1+˙Ψ11...1+···+ +˙...+˙ R+ j1 + j2 + 2 j2 − j1 Dn++˙Q, Dn++˙Q˜, Dn++˙λ1+, Dn++˙λ˜1+˙
Table 3. This table summarizes the manner in which Schur operators fit into short multiplets of the N = 2
superconformal algebra. We use the naming conventions for supermultiplets of Dolan and Osborn [39]. For
each supermultiplet, we denote by Ψ the superconformal primary. There is then a single conformal primary
Schur operator OSchur, which in general is obtained by the action of some Poincare´ supercharges on Ψ. We
list the holomorphic dimension h and U(1)r charge r of OSchur in terms of the quantum numbers (R, j1, j2)
that label the shortened multiplet (left-most column). We also indicate the schematic form that OSchur can
take in a Lagrangian theory by enumerating the elementary “letters” from which the operator may be built.
We denote by Q and Q˜ the complex scalar fields of a hypermultiplet, by λIα and λ˜
I
α˙ the left- and right-moving
fermions of a vector multiplet, and by Dαα˙ the gauge-covariant derivatives. Note that while in a Lagrangian
theory Schur operators are built from these letters, the converse is false – not all gauge-invariant words of this
kind are Schur operators, only the special combinations with vanishing anomalous dimensions.
because the supercharges have the same SU(2)R weight, and thus anticommute with each other. No
analogous BPS condition exists in an N = 1 supersymmetric theory, because the anticommutator of
opposite-chirality supercharges necessarily yields a momentum operator, which annihilates only the
identity.
A summary of the different classes of Schur operators, organized according to how they fit in
shortened multiplets of the superconformal algebra, is given in Table 3 [5]. The first line lists the half-
BPS operators belonging to the Higgs branch N = 1 chiral ring, which have E = 2R and j1 = j2 = 0.
In a Lagrangian theory, these are operators of the schematic form QQ . . . Q˜Q˜. The SU(2)R highest
weight component of the moment map operator µ11, which has E = 2R = 2 (and transforms in the
adjoint representation of the flavor group) is in this class. The second and third lines of the table list
more general N = 1 antichiral (respectively chiral) operators. In a Lagrangian theory they may be
obtained by considering gauge-invariant words that contain λ˜1
+˙
(respectively λ1+) in addition to Q and
Q˜. Finally the forth line lists the most general class of Schur operators, belonging to supermultiplet
obeying less familiar semishortening conditions. An important operator in this class is the Noether
current for the SU(2)R R-symmetry, which belongs to the same superconformal multiplet as the stress-
energy tensor and is universally present in any N = 2 SCF. Its J11
++˙
component, with E = 3, R = 1,
j1 = j2 =
1
2 , is a Schur operator. Finally, note that the half-BPS operators of the Coulomb branch
chiral ring (of the form Trφk in a Lagrangian theory) are not Schur operators.
The Schur index earns its name from the fact that the wavefunctions are proportional to Schur
polynomials, and simple closed form expressions are available for all the ingredients that enter the
TQFT formula for the index (4.21). We will quote the full expressions below in the more general
Macdonald limit. The structure constants Cλ(q) turn out to be inversely proportional to the quantum
dimension of the representation λ. One recognizes [40] the TQFT of the index as the zero-area limit23
of q-deformed 2d Yang-Mills theory [43], which can also be understood as an analytic continuation
of Chern-Simons theory on C × S1. This observation has been reproduced by a top-down approach
23On a surface of finite (non-zero) area, q-YM is not topological, but it still admits a natural class S interpretation [41]
as the supersymmetric partition function of the (2, 0) theory on S3×S1×C where the UV curve C is kept of finite area [42].
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[44, 45], starting from the (2, 0) theory on the geometry S3 × S1 × C, first reducing on S1 to obtain
5d YM, and then reducing further on S3 and using supersymmetric localization to obtain a bosonic
gauge theory on C, which is argued to coincide with q-YM.
In q-YM theory, introducing flavor punctures correspond to fixing the holonomies of the gauge
fields around the punctures. One can also define additional local operators by fixing the dual variables
at the punctures [46] – in the language of Chern-Simons theory on C × S1, this corresponds to adding
a Wilson loop along the temporal S1. These operators are the natural candidates to correspond to the
surface defects discussed in the previous section [7, 47].
Perhaps the most interesting fact about the Schur index is that it can be viewed as the character
of a 2d chiral algebra canonically associated to the 4d SCFT [5], as we shall review in section 7.
A related point is that the Schur index enjoys intriguing modular properties encoding conformal
anomalies [48]. For example the indices of a hypermultiplet and the vecor multiplets in the Schur limit
become combinations of theta functions,
IH = 1
θ(q
1
2 a; q)
, ∆Haar(z) IV (z) = 1
n!
(q; q)2n−2
∏
i 6=j
θ(qzi/zj ; q) , (5.7)
which have simple modular properties under
q = e2piiτ → q′ = e− 2piiτ , z = e2piiζ → z′ = e 2piiζτ . (5.8)
Here ∆Haar is the Haar measure and we specialized for concreteness to SU(n) vector field. An index of
the gauge theory is given by contour integrals with the integrand built from products of theta functions.
The combination of theta functions in in the integrand, Iinteg.(z; q), always forms an elliptic function
in the fugacities, z corresponding to the gauged symmetries,
Iinteg.(q z; q) = Iinteg.(z; q) . (5.9)
The gauge fugacities z can be thus thought as taking values on a torus with modular parameter τ .
The contour integral defining the Schur index of a gauge theory then can be thought of as an integral
over a cycle of the torus while the index after modular transformation is given as an integral over
the dual cycle. These properties beg the question of the relation of the Schur index to mock modular
τ → −1τ
z
z′
Figure 5. The Schur index of a guage theory is given by an integral over fugacities z taking value in a torus
with modular parameter τ . After modular transformation, τ → − 1
τ
, the index is written as an integral over
the dual cycle.
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forms, a relation which is yet to be explored.
Macdonald limit
Taking p → 0 in (5.3) is a well-defined limit, thanks to positive-definiteness of the associated charge
δ1−. The trace formula reads
IMac(q, t) := TrM(−1)F qE−2R−rtR+r = TrM(−1)F q2j1tR+r , (5.10)
where the subscript in the trace indicates that we are restricting by hand to the states with δ1− = 0.
Clearly, we are concentrating on the operators that are also annihilated by the supercharge Q1−, in
addition to Q˜2−˙. These are of course the same as the Schur operators, but we are now refining their
counting by keeping track of the quantum number R+ r. For q = t, we recover the Schur index.
This limit is mathematically very interesting. Our difference operators and our integration mea-
sure become identical (up to conjugation) to the well-studied Macdonald difference operators and
Macdonald measure [49]. The diagonalization problem is completely solved in terms of Macdonald
polynomials, a beautiful two-parameter generalization of the Schur polynomials. In the Macdonald
limit we set the elliptic curve of the Ruijsenaars-Schneider model, p, to zero the integrable model
becomes thus trigonometric (but still relativistic). For example, in the A1 case after conjugation (5.1)
the basic hamiltonian becomes,24
H1 · f(z) ∼ 1− t z
2
1− z2 f(q
1
2 z) +
1− t z−2
1− z−2 f(q
− 12 z) . (5.11)
We are then able to find closed form expressions for the general wavefunctions and for the structure
constants [6]. The wavefunction for a general choice of puncture (embedding) and representation now
takes the following form,
ψΛR(zΛ; q, t) = KΛ(zΛ; q, t)P
g
R(fugΛ(zΛ; t); q, t) . (5.12)
Here P gR(z; q, t) are the Macdonald polynomials labeled by finite dimensional representatioins R of Lie
algebra g and orthonormal under the Macdonald measure, which, e.g., for g = su(n) is given by,
∆q,t(z) =
1
n!
∏
i 6=j
(zi/zj ; q)
(tzi/zj ; q)
. (5.13)
The K-factors admit a compact expression as a plethystic exponential [50],
KΛ(zΛ; q, t) = P.E.
∑
j
tj+1
1− qχ
hΛ
R(adj)j
(zΛ)
 , (5.14)
where the summation is over the terms appearing in the decomposition of Eqn. (4.28) applied to the
adjoint representation,
adjg =
⊕
j
R(adj)j ⊗ Vj . (5.15)
24Note that this is the same operator that we obtained in a quite different context of the reduction of the elliptic
difference operator S(0,1) to three dimensions 4.34.
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χhΛ
R(adj)j
(z) is the Schur polynomial of Lie algebra hΛ corresponding to representation R(adj)j . For the
maximal puncture, corresponding to the trivial embedding Λmax ≡ 0, the wavefunction reads,
ψΛmaxR (x; q, t) = Kmax(x; q, t)P
g
R(x; q, t) , Kmax(x; q, t) := P.E.
[
t
1− qχ
g
adj(x)
]
. (5.16)
At the other extreme, for the principal embedding Λ = ρ, the decomposition of Eqn. (5.15) reads
adjg =
rank g⊕
i=1
Vdi−1 , (5.17)
where {di} are the degrees of invariants of g, so in particular di = i+ 1 for su(n). We then find
ψρR(q, t) = P.E.
[
rank g∑
i
tdi
1− q
]
P gR(fugρ(t)) . (5.18)
For g = su(n), the fugacity assignment associated to the principal embedding takes a particularly
simple form,
fugρ(t) = (t
n−1
2 , t
n−3
2 , . . . t−
n−1
2 ) . (5.19)
Provided that,
CR(q)
−1 = ψρR(q, t) , (5.20)
we thus obtain an expression for the Macdonald index of any class S theory with regular punctures,
IMac(q, t; x) =
∑
R
CR(q, t)
2g−2+s
s∏
i=1
ψΛiR (xΛi ; q, t) , (5.21)
with all the ingredients explicitly given above.
In the Macdonald limit, the TQFT of the index is recognized as a certain deformation of q-YM,
closely related to the refined Chern-Simons theory on C ×S1 discussed in [51]; the refinement amounts
to changing the measure in the path integral of q-YM from Haar to Macdonald.
Hall-Littlewood limit
Proceeding one step further, we can take the q → 0 limit in the Macdonald index. The trace formula
reads
IHL(t) := TrHL(−1)F tR+r , (5.22)
where we are restricting the trace to states with δ1+ = δ
1
− = 0. In the q → 0 limit, Macdonald
polynomials reduce to the much more manageable Hall-Littlewood (HL) polynomials. The HL index
of theories of class S takes a relatively simple form: it is always a rational function of t.
The HL index receives contributions from operators annihilated by the three supercharges Q1+,
Q1+ and Q2−˙. This is precisely the subset of Schur operators with j1 = 0, corresponding to the Bˆ
and D multiplets, listed in the first two rows of Table 3. Since such Hall-Littlewood operators are
killed by both spinorial components of Q1α, they are chiral25 with respect to an N = 1 subalgebra,
25To be pedantic, antichiral.
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and thus form a ring, which is consistent truncation of the full N = 1 chiral ring. In a Lagrangian
theory, they are composite operators made with the complex hypermultiplet scalars Q and Q˜ and the
λ1
+˙
component of the gaugino, but no derivatives. There is a further consistent truncation of the ring
to operators with j2 = 0: this is the Higgs branch chiral ring, spanned by the bottom component of
the BˆR multiplets.
For an N = 2 SCFTs associated to a linear quiver, one can show that only the BˆR multiplets
contribute to the HL index. This is the case because the gauginos are in one-to-one correspondence
with the F-term constraints on the Higgs branch chiral operators, so their contribution to the index
(which comes with a minus sign) is precisely such to enforce those constraints. It follows that for linear
quivers the HL index coincides [6] with the Hilbert series of the Higgs branch (see e.g. [52, 53]). The
equivalence between the HL index and the Higgs branch Hilbert series appears also to hold for the Tn
building blocks (see [6]), and so by the same reasoning it extends to all class S theories associated to
curves of of genus zero. One can then use the HL index to compute the Hilbert series of multi-instanton
moduli spaces for En groups [18, 54], which are quite intricate to compute using other methods (see
e.g. [55]). The HL index and the Higgs Hilbert series are not the same for theories with genus one or
higher, where D multiplets play a role.26
Coulomb limit
There is another limit of the index that leads to supersymmetry enhancement: one takes t, p → 0
while keeping q and p qt fixed. It is called the Coulomb limit because in a Lagrangian theory the
hypermultiplet single-particle index (2.9) goes to zero; the only supermultiplets that contribute in this
limit are the short multiplets of type E¯−`(0,0) (in the notations of [39]), whose lowest components are
the operators of the Coulomb branch chiral ring, of the form Trφk. That there should exist a limit
of the general index for which only {E¯−`(0,0)} contribute is a priori clear from the fact that these
multiplets do not appear in any of the recombination rules, so their multiplicities define an index.
In a Lagrangian theory with simple gauge group G, the Coulomb index is given by [6]
IC =
∮
[dz]G ∆q, pqt (z) = PE
 ∑
`∈exp(G)
I˜`+1
 , (5.23)
where exp(G) stands for the set of exponents of G, ∆q, pqt (z) is the Macdonald measure (5.13) (which
arises by taking the Coulomb limit of the usual propagator measure), and I˜`+1 is the index of an
individual E¯−`(0,0) multiplet. This is a well-known mathematical equality, going by the name of the
the Macdonald central term identity. It can be understood physically as the statement that the
Coulomb chiral ring is freely generated by a set of operators in one-to-one correspondence with the
Casimir invariants of G, for example {Trφk }, k = 2, . . . n for G = SU(n).27
26 Assuming that the Higgs branch of the 4d theory of class S is isomorphic to the Higgs branch of the dimensionally
reduced theory, we can consider the Coulomb index [33, 56, 57] of the mirror dual theory (see section 4.5). The 3d
Coulomb index of the mirror coincides with the Hilbert series of the Higgs branch of theories of class S for any genus.
We refer the reader to [33] for further discussion of this issue.
27The fact that the Coulomb branch is freely generated is known to be true by inspection for theories of class S of
type A we discuss here, but is not obvious for theories of type D and E: it would be interesting to clarify this issue. We
thank Y. Tachikawa for this comment.
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6 Some generalizations
The discussion in previous sections can be extended and generalized in several ways. We will discuss
some of the open problems in section 8, while here let us briefly mention some of the work that has
already appeared in the literature.
• In this review we have concentrated on class S theories of type A. A similar analysis can be
performed for theories of type D and E. Following our TQFT intuition the indices should be
expressible in terms of a complete set of functions. The integrable models we discussed here
for which the relevant set of functions for the A case is a set of eigenfunctions have natural
generalizations to the D and E cases. In particular the eigenfunctions for D and E cases are
known in the Macdonald limit. These eigenfunctions have been used to compute indices for the
three-punctured spheres D type class S theories [58, 59] and for the E type class S theories [60].
One can also consider indices with outer-automorphism twists around the temporal S1 as was
done in [50].
• Performing a different twist of the 6d theory while puttng it on a Riemann surface can result in
a 4d theory with N = 1 supersymmetry rather than N = 2 [61]. The resulting N = 1 theories
are closely related to the N = 2 class theories and in particular their indices can be exactly
computed resulting in expressions which are very similar to the ones discussed here [62, 63]. The
N = 1 theories can be also built using outer-automorphism twists and the corresponding indices
can be computed as was done in [64].
• In the process of detemining the index we have found it useful to consider indices of theories
with surface defects. The theories of interest admit a variety of other supersymmetric defects in
presence of which the index can be computed. For example, one can compute the Schur index
in presence of supersymmetri line operator wrapping the S1 [65, 66]. Here the answers are easily
obtained in case of Wilson lines but in case of ’t Hooft lines the computation is much more
involved [66] if one chooses to perform the computation without making use of S-duality. Other
examples of extended objects involve domain walls [67] and more general surface defects than
discussed here [35, 47].28
• Finally let us mention that the dualities satisfied by the theories of class S imply highly non-
trivial identities satisfied by the superconformal indices. These identities take usually the form
of equalities between different integrals of elliptic Gamma functions and or (infinite) sums of
orthogonal functions. To give an example let us write down the index of the SU(N) N = 2
SYM with 2N flavors. This theory corresponds to a sphere with two maximal and two minimal
punctures and its index is proportional to [11],
∮ N−1∏
`=1
dz`
2piiz`
∏
i 6=j
Γ(pqt zi/zj ; p, q)
Γ(zi/zj ; p, q)
N∏
i=1
2N∏
α,β=1
Γ(t
1
2 (ziyαa)
±1; p, q)Γ(t
1
2 (z−1i xβb)
±1; p, q) . (6.1)
Here a and b are fugacities for the U(1) symmetries associated with the minimal punctures and
x with y are fugacities associated with the maximal punctures. The S-duality exchanging the
28 The index of theories of class S in presence of codimension two defects of the 6d theory wrapping the Riemann
surface [68] has not been analyzed yet.
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two minimal punctures implies that the above integral is invariant under exchange of a and b.
Mathematically this property is not at all obvious and was proven for the SU(2) case in [69]. As
far as we know no mathematical proof for higher rank cases exists as of this moment. Another
simple example of an unproven identity following from S-duality propertied of the index is the
equality of the indices of SO(2n+ 1) and SP (n) N = 4 theories [15].
7 Chiral algebras and the Schur index
In this section, we give a brief outline of the structure discovered in [5]. The basic claim is that any
N = 2 SCFT admits a closed sector of operators and observables, isomorphic to a two-dimensional
chiral algebra. The Schur index is recognized as the character of this chiral algebra,
Tr2d (−1)F qL0 ≡ ISchur(q) . (7.1)
To understand this surprising claim, we start with the following seemingly innocent observation. The
states that contribute to the Schur index can be equivalently characterized as belonging to the coho-
mology of a single nilpotent supercharge, a linear combination of Poincare´ and conformal supercharges,
Q := Q1− + S˜−˙2 . (7.2)
Indeed,
{Q , Q †} = 2L̂0 = E − (j1 + j2)− 2R , (7.3)
so the harmonic cohomology representatives obey the Schur condition (5.6). By the state/operator
map, states are as always in correspondence with local operators inserted at the origin. So Schur
operators OSchur(0) inserted the origin belong to the cohomology of Q .
What is the cohomology of Q more generally? One easily shows that Z defined in (5.6) is Q -exact,
so a local operator can be Q -closed only if it lies on the plane fixed by j1 − j2, which we call the
chiral algebra plane. We use the complex coordinate z (and its conjugate z¯) to parametrize the chiral
algebra plane. The global conformal algebra on the chiral algebra plane is the standard sl(2)× sl(2),
with generators Ln and L¯n, for n = −1, 0, 1, and is of course a subalgebra of the four-dimensional
conformal algebra. For example,
L0 =
E + j1 + j2
2
, L¯0 =
E − (j1 + j2)
2
. (7.4)
It turns out that
[Q , Ln] = 0 but [Q , Ln] 6= 0 , (7.5)
so a Schur operator OSchur(z, z¯) inserted away from the origin is not Q -closed. There is however a
simple fix. We introduce a twisted algebra ŝl(2) as the diagonal subalgebra of sl(2)× su(2)R,
L̂−1 := L¯−1 +R− , L̂0 := L¯0 −R , L̂+1 := L¯+1 −R+ . (7.6)
(In retrospect, this explains why the combination of charges in the first equation of (5.6) was denoted
by L̂0). Remarkably, the twisted generators L̂n are Q -exact. It follows that starting from a Schur
operator inserted at the origin, we can act with twisted translations to obtain a Q -closed operator
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defined at a generic point (z, z¯) on the chiral algebra plane,
O(z, z¯) = ezL−1+z¯L̂−1OSchur(0, 0)e−zL−1−z¯L̂−1 . (7.7)
A Schur operator is necessarily an su(2)R highest weight state, carrying the maximum eigenvalue R
of the Cartan. Indeed, if this were not the case, states with greater values of R would have negative
L̂0 eigenvalue, violating unitarity. We denote the whole spin k representation of su(2)R as O(I1···I2k),
with Ii = 1, 2. Then the Schur operator is OSchur = O11···1(0), and the twisted-translated operator at
any other point is given by
O(z, z¯) := uI1(z¯) · · · uI2k(z¯) O(I1···I2k)(z, z¯) , uI(z¯) := (1, z¯) . (7.8)
By construction, such an operator is annihilated by Q , and Q -exactness of L̂−1 implies that its z¯
dependence is Q -exact. It follows that the cohomology class of the twisted-translated operator defines
a purely meromorphic operator,
[O(z, z¯)]Q  O(z) . (7.9)
Operators constructed in this manner have correlation functions that are meromorphic functions of the
insertion points, and enjoy well-defined meromorphic OPEs at the level of the cohomology. These are
precisely the ingredients that define a two-dimensional chiral algebra! The relation (7.1) of the chiral
algebra character with the Schur index follows at once by observing that L̂0 = 0 implies L0 = E −R,
so the trace formula (5.5) that defines the Schur index is reproduced.
There is a rich dictionary related properties of the 4d SCFT with properties of its associated chiral
algebra. Let us briefly mention some universal features of this correspondence:
• The global sl(2) symmetry is enhanced to the full Virasoro symmetry, with the 2d holomorphic
stress tensor T (z) arising from the Schur operator in the SU(2)R conserved current, T (z) :=
[JR(z, z¯)]Q . The 2d central charge is given by
c2d = −12 c4d , (7.10)
where c4d is one of conformal anomaly coefficients of the 4d theory (the one associated to the
Weyl tensor squared).
• The global flavor symmetry of the SCFT is enhanced to an affine symmetry in the associated
chiral algebra, with the affine current J(z) arising from the moment map operator, J(z) :=
[M(z, z¯)]Q . The 2d level is related to the 4d level by another universal relation,
k2d = −k4d
2
. (7.11)
• The generators of the HL chiral ring give rise to generators of the chiral algebra. Remarkably,
the geometry of the 4d Higgs branch is encoded algebraically in vacuum module of the chiral
algebra: Higgs branch relations correspond to null states.
Free SCFTs are associated to free chiral algebras. The free hypermultiplet corresponds to the
chiral algebra of symplectic bosons (q, q˜), of weights ( 12 ,
1
2 ), while the free vector multiplet corresponds
to a (b, c) ghost system of weights (1, 0).
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There is also a chiral algebra counterpart of the index gauging prescription (2.12). We start with
a SCFT T , whose chiral algebra χ[T ] is known, and define a new SCFT TG by gauging a subgroup of
the flavor symmetry, such that the gauge coupling is exactly marginal. A naive guess for finding the
chiral algebra associated TG is to take the tensor product of χ[T ] with a (bAcA) ghost system in the
adjoint representation of G, and restrict to gauge singlets. This would be the direct analog of (2.12),
and is indeed the correct answer at zero gauge coupling. But at finite coupling, some of the Schur
states are lifted and the chiral algebra must be smaller. There is an elegant prescription to find the
quantum chiral algebra: one is instructed to pass to the cohomology of
QBRST :=
∮
dz
2pii
jBRST(z) , jBRST := cA
[
JA − 1
2
fABC cBb
C
]
, (7.12)
where JA is the G affine current of χ[T ]. This BRST operator is nilpotent precisely when the βG = 0,
which amounts to k2d = −2h∨, where h∨ is the dual Coxeter number of G. By this prescription, we
can in principle find χ[T ] for any Lagrangian SCFT T .
The chiral algebra contains much more information that the Schur index. The state space of the
chiral algebra can be regarded as a “categorification” of the Schur index: it consists of the cohomology
classes of Q , whereas the index only counts such cohomology classes with signs, and so it knows about
sets of short multiplets that are kinematically allowed to recombine but do not. In addition, there
may be multiplets that cannot recombine but nonetheless make accidentally cancelling contributions
to the index, and these are also seen in the categorification. And of course, the chiral algebra structure
goes well beyond categorification – it is a rich algebraic system that also encodes the OPE coefficients
of the Schur operators, and is subject to non-trivial associativity constraints.
For theories of class S, there is a generalized topological quantum field theory that associates to a
decorated Riemann surface the corresponding chiral algebra. Associativity of the gluing of Riemann
surfaces imposes highly non-trivial requirements on the chiral algebras of the elementary building
blocks Tn. Finally, let us mention that the task of reducing the rank of a puncture can be accomplished
directly in the chiral algebra setting, by a generalization of quantum Drinfeld-Sokolov reduction. We
refer to [5, 70] for a detailed discussion of this very rich structure.
8 Some open questions
We conclude by discussing some open problems and possible generalizations of the topics discussed in
this review. The main focus of this review was the partition function on S3 × S1 for N = 2 supercon-
formal theories in four dimensions: generalizations and extensions of our logic can be entertained by
relaxing each of these qualifiers.
• More partition functions A rather natural generalization is to consider indices with the theory
quantized on more generic manifolds, i.e. M3 × S1. For example, one can take M3 = S3/Zr,
the lens space [71]. The superconformal index discussed in this paper is a special case of the
partition functions defined using this sequence of manifolds, r = 1. The lens space with r > 1 has
a non-contractable cycle and thus is sensitive to non-local objects in the theory. In particular,
unlike the superconformal index it can distinguish theories differing by choices of allowed line
operators and/or by choices of the global structure of the gauge groups. One would expect that
as long as the manifold on which the partition function is computed has an S1 the arguments
of this paper can be reiterated. In particular the partition functions in these cases should be
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computable by a 2d TQFT. This has been discussed in the case of the lens space [72, 73], and it
would be interesting to extend the analysis to other partition functions, e.g. T2 × S2 [74, 75].
• More theories
The superconformal index is not yet fixed for all N = 2 theories in 4d. For example, we do not
know at the moment how to compute the index depending on the most general set of fugacities
for Argyres-Douglas theories and theories corresponding to Riemann surfaces with irregular
singularieties [76].29 It would be very interesting to fill this gap in our current understanding.
To do so it might be useful to exploit the chiral algebra associated to these theories and its
relation to the (Schur) index. Another, related, question is what kind of partition functions can
be exactly computed for N = 2 theories which are not superconformal.
• Properties of the index
The indices which we can compute have many interesting properties not all of which were suffi-
ciently well studied. For example, the 4d indices have factorization properties [78, 79] similar to
the ones studied for the partition functions of 3d theories [32, 80, 81]. Another example is that
of modular properties the indices have under non linear transformations of some of the chemical
potentials [48, 82] (see also [30, 83, 84]).
• Less supersymmetry and/or other space-time dimensions
A very important open question is whether the methodology which allowed us to fix the index
of a large class of N = 2 theories can be applied to theories with less supersymmetry and/or
theories in different space-time dimensions: this remains to be seen.
• Relations to mathematics
The superconformal index is directly related to different branches of exciting mathematics. To list
just couple examples: it is a gold mine for extracting identities satisfied by elliptic hypergeometric
integrals; and it is closely related to quantum mechanical integrable systems with their very rich
mathematical structure. There is a real chance here for a mutually beneficial dialogue between
the mathematics community working on these topics and the physics community.
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A Plethystics
In this appendix we collect the definitions of some special functions and combinatorial objects used in
the bulk of the review. The Pochammer symbol is defined as
(z; p) :=
∞∏
`=0
(1− z p`) . (A.1)
The theta-function is given by
θ(z; p) := (z; p) (p z−1; p) . (A.2)
The plethystic exponential is given by
PE [f(x, y, · · · )] := exp
[ ∞∑
`=1
1
`
f(x`, y`, · · · )
]
. (A.3)
In particular
PE[x] =
1
1− x , PE[−x] = 1− x . (A.4)
The inverse of the plethystic exponential is the plethystic logarythm, given by
PL [f(x, y, · · · )] :=
∞∑
`=1
µ(`)
`
ln f(x`, y`, · · · ) , (A.5)
where µ(`) is the Mobius mu-function. Finally the elliptic Gamma function is defined as
Γ(z; p, q) := PE
[
z − p qz
(1− p)(1− q)
]
=
∞∏
i,j=0
1− pi+1qj+1z−1
1− piqj z . (A.6)
B N = 2 superconformal representation theory
In this appendix (adapted from [5]) we review the classification of short representations of the four-
dimensional N = 2 superconformal algebra [2, 39, 85].
Short representations occur when the norm of a superconformal descendant state in what would
otherwise be a long representation is rendered null by a conspiracy of quantum numbers. The unitarity
bounds for a superconformal primary operator are given by
E > Ei , ji 6= 0 ,
E = Ei−2 or E >Ei , ji = 0 ,
(B.1)
where we have defined
E1 = 2 + 2j1 + 2R+ r , E2 = 2 + 2j2 + 2R− r , (B.2)
and short representations occur when one or more of these bounds are saturated. The different ways
in which this can happen correspond to different combinations of Poincare´ supercharges that will
annihilate the superconformal primary state in the representation. There are two types of shorten-
ing conditions, each of which has four incarnations corresponding to an SU(2)R doublet’s worth of
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Shortening Quantum Number Relations DO KMMR
∅ E > max(E1, E2) A∆R,r(j1,j2) aa∆,j1,j2,r,R
B1 E = 2R+ r j1 = 0 BR,r(0,j2) ba0,j2,r,R
B¯2 E = 2R− r j2 = 0 B¯R,r(j1,0) abj1,0,r,R
B1 ∩ B2 E = r R = 0 Er(0,j2) ba0,j2,r,0
B¯1 ∩ B¯2 E = −r R = 0 E¯r(j1,0) abj1,0,r,0
B1 ∩ B¯2 E = 2R j1 = j2 = r = 0 BˆR bb0,0,0,R
C1 E = 2 + 2j1 + 2R+ r CR,r(j1,j2) caj1,j2,r,R
C¯2 E = 2 + 2j2 + 2R− r C¯R,r(j1,j2) acj1,j2,r,R
C1 ∩ C2 E = 2 + 2j1 + r R = 0 C0,r(j1,j2) caj1,j2,r,0
C¯1 ∩ C¯2 E = 2 + 2j2 − r R = 0 C¯0,r(j1,j2) acj1,j2,r,0
C1 ∩ C¯2 E = 2 + 2R+ j1 + j2 r = j2 − j1 CˆR(j1,j2) ccj1,j2,j2−j1,R
B1 ∩ C¯2 E = 1 + 2R+ j2 r = j2 + 1 DR(0,j2) bc0,j2,j2+1,R
B¯2 ∩ C1 E = 1 + 2R+ j1 −r = j1 + 1 D¯R(j1,0) cbj1,0,−j1−1,R
B1 ∩ B2 ∩ C¯2 E = r = 1 + j2 r = j2 + 1 R = 0 D0(0,j2) bc0,j2,j2+1,0
C1 ∩ B¯1 ∩ B¯2 E = −r = 1 + j1 −r = j1 + 1 R = 0 D¯0(j1,0) cbj1,0,−j1−1,0
Table 4. Unitary irreducible representations of the N = 2 superconformal algebra.
conditions for each supercharge chirality:
BI : QIα|ψ〉 = 0 , α = 1, 2 (B.3)
B¯I : Q˜Iα˙|ψ〉 = 0 , α˙ = 1, 2 (B.4)
CI :
{
αβQIα |ψ〉β = 0 , j1 6= 0
αβQIαQIβ |ψ〉 = 0 , j1 = 0
, (B.5)
C¯I :
{
αβQ˜Iα |ψ〉β = 0 , j2 6= 0
αβQ˜IαQ˜Iβ |ψ〉 = 0 , j2 = 0
, (B.6)
The different admissible combinations of shortening conditions that can be simultaneously realized by
a single unitary representation are summarized in Table 4, where the reader can also find the precise
relations that must be satisfied by the quantum numbers (E, j1, j2, r, R) of the superconformal primary
operator, as well as the notations used to designate the different representations in [39] (DO) and [2]
(KMMR).30
At the level of group theory, it is possible for a collection of short representations to recombine
into a generic long representation whose dimension is equal to one of the unitarity bounds of (B.1).
30We follow the R-charge conventions of DO.
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In the DO notation, the generic recombinations are as follows:
A2R+r+2+2j1R,r(j1,j2) ' CR,r(j1,j2) ⊕ CR+ 12 ,r+ 12 (j1− 12 ,j2) , (B.7)
A2R−r+2+2j2R,r(j1,j2) ' C¯R,r(j1,j2) ⊕ C¯R+ 12 ,r− 12 (j1,j2− 12 ) , (B.8)
A2R+j1+j2+2R,j1−j2(j1,j2) ' CˆR(j1,j2) ⊕ CˆR+ 12 (j1− 12 ,j2) ⊕ CˆR+ 12 (j1,j2− 12 ) ⊕ CˆR+1(j1− 12 ,j2− 12 ) . (B.9)
There are special cases when the quantum numbers of the long multiplet at threshold are such that
some Lorentz quantum numbers in (B.7) would be negative and unphysical:
A2R+r+2R,r(0,j2) ' CR,r(0,j2) ⊕ BR+1,r+ 12 (0,j2) , (B.10)
A2R−r+2R,r(j1,0) ' C¯R,r(j1,0) ⊕ B¯R+1,r− 12 (j1,0) , (B.11)
A2R+j2+2R,−j2(0,j2) ' CˆR(0,j2) ⊕DR+1(0,j2) ⊕ CˆR+ 12 (0,j2− 12 ) ⊕DR+ 32 (0,j2− 12 ) , (B.12)
A2R+j1+2R,j1(j1,0) ' CˆR(j1,0) ⊕ CˆR+ 12 (j1− 12 ,0) ⊕ D¯R+1(j1,0) ⊕ D¯R+ 32 (j1− 12 ,0) , (B.13)
A2R+2R,0(0,0) ' CˆR(0,0) ⊕DR+1(0,0) ⊕ D¯R+1(0,0) ⊕ BˆR+2 . (B.14)
The last three recombinations involve multiplets that make an appearance in the associated chiral
algebra described in this work. Note that the E , E¯ , Bˆ 1
2
, Bˆ1, Bˆ 3
2
, D0, D¯0, D 1
2
and D¯ 1
2
multiplets can
never recombine, along with B 1
2 ,r(0,j2)
and B¯ 1
2 ,r(j1,0)
.
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